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Consider the boundary value problem 
x” = g(t, x, x), (‘1 
(x(O), x’(O)) = s, , (x(l), x’(l)) = s, 9 (2) 
where g is continuous on [0, I] x R2 and S, , S, are point sets in R2 to be 
defined later. 
In [l, 21, we have previously considered the existence of solutions to the 
BVP(l), (2) as a special case, as have Jackson and Klaasen [3], assuming the 
existence of strict upper and lower solutions. In this note, it is shown that the 
results of [2, 31 remain valid if only the existence of upper and lower solutions 
is assumed. The function a(t) is a lower solution of (I) if, for all t E [0, I], 
a”(t) > g(t, a(t), a’(f)). (3) 
01 becomes a strict lower solution if in (3) “3” is replaced by “>“. Upper 
and strict upper solutions are defined similarly with reversed inequalities. 
THEOREM. Assume that 
(i) There exists an upper solution /3(t) and a lower solution a(t) of (1) with 
a(t) -G B(t) on [O, Il. 
(ii) Given any N > 0 and t, E (0, 11, there exists an M(N, to) > 0 such 
that ifx(t) is a solution of(l) on [0, t,] with a(t) < x(t) < P(t) and j x’(O)\ < N, 
then ) x’(t)/ < M on [0, t,]. 
If S, is a compact connected set in {(x, y)\&(O) < x < p(O), j y 1 < CD} 
such that S, intersects both ((x, y) / x = a(O), y < LX’(O)} and {(x, y) / x = or(O), 
y 23 p’(O)> and if S, is a closed connected set in {(x, y) / a(l) Q x (, /3(l), 
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/ y / < m} such that S, infevsects [(s, y) ) y = _ kj for all calws of k, tken t/w 
BVP(I), (2) has at least one solution s(f) with a(t) ,x(t) -< /3(t) on [0, I]. 
Proof. For 0 < 7] < I let 4,(t) := al(t) 7f and B,(t) =- P(r) -1 7. 1,et 
g(t, P(t), x’) ~I- x - SW x > P(t) 
G(t, x, x’) -c g(t, s, x’) ,x(t) < x ( /3(t) 
g(t, a(t), x’) -‘- x - cY(t>, .2‘ < m(t). 
Let N = max(,,,~),,l ! x’ ( + 1 and let M be the number associated with iV 
by condition (ii). Now let K = max(M, maxtE[,j,ll (I a’(t)i, 1 /3’(t)/)) and 
define 
1 x’ j 3K+2 
H(t, xy “) = 
i&<&C-! I 
s, K + I), K -t I < x’ G: K $ 2 
(K + 2 + x’)G(f, <x, -K- l), -ix-2 < x’ < -ix- I. 
His continuous. Also 
A;(t) = a”(t) 3 g(f, 4th a’(t)) > g(f, a(t), A,‘(t)) - 71 = H(t, A#, A,‘(f)), 
B:(f) =y P;(t) < df, P(t), P’(t)) < At, P(t), 6’(t)) t 7 = H(t, B,#,(t>, B,‘(t)). 
Hence ,4, and B,, are strict lower and upper solutions, respectively, on [0, I] of 
x” H(t, x, x’). (4) 
Let (p, q) E S, n {(x, y)( x =: a(O), y = a’(0)) and let (u, V) E S, n {(x, y)j .2: -: 
/3(O),y > p’(O)}. Let C,, be the union of S, , the line segment from (p, 9) to 
(p, 4 - v/I), and the line segment from (u, z) to (u, D + 7). 
We now consider the BVP(4) with 
(a)), ‘q0)) E c, 1 (x(l), x’(l)) 6 s’, . (5) 
Let B = {(t, x, x’) ) 0 < t ,< 1, 0(t) ~-- 1 < x < /3(t) + I, 1 .2”’ I < a>. Since 
H(t, x, x’) = Ofor j x’ 1 2 K $ 2 it is easily seen that the necessary conditions 
are satisfied by E to apply Theorem 5 of [2], using A, and B, as the strict lower 
and upper solutions. This establishes the existence of a solution X*(t) of the 
BVP(4), (5) which has the property that A,(t) < X?(t) < B,(t) on [0, I]. 
Also, since H(t, x, x’) = 0 for / x’ 1 3 K + 2, it follows that 1 Xv’(t)/ < K + 2 
on [0, I]. 
By Kamke’s convergence theorem [4, p. 141, a subsequence of {XI,,):-;_, 
converges to a solution X0(t) of (4) on [0, 11. X0 must satisfy 
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Also x(t) < X0(t) f /3(t) on [0, I] since 
For a(t) < x < P(t), / x’ 1 < K + I we have I1(t, x, x’) = g(t, x, x’). It 
now follows from condition (ii) that / X,,‘(t)1 < dl < K. Hence X0 satisfies 
(11, (2). 
Theorem 6 and 8 of [2] can be modified in a similar manner. Hence, the 
results of Schmitt [5] follow as special cases. 
The authors wish to note that Sedziwy [6] has recently given an independent 
and different proof of the theorem presented here. 
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